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In spite of the amount of work on bubble columns, their design and scale up is still a difficult task due to
the lack of understanding of the mass transfer mechanisms. In this work we have studied the contribution
of bubble deformation to the mass transfer rate for the air–water system from a theoretical point of view.
The specific contact area is obtained using a population balance model. A new scheme for bubble classes
has been implemented to account for the effect of bubble oscillations in mass transfer due to coalescence
and break-up processes. Meanwhile, a theoretical model for the Sherwood number for oscillating bubbles
opulation balance
ass transfer

ubble columns
nviscid fluids

athematical modelling
scillating bubbles

in inviscid fluids has been used to implement the effect of bubble deformation on the liquid-film resis-
tance. Coupling the population balance with the Sherwood number for oscillation bubbles, kLa values are
predicted. It was found that bubble oscillations explain the wide range of parameters often used to fit kL

and the fact that in bubble columns the concentration profiles surrounding individual bubbles are not
completely developed due to the presence of other bubbles, in agreement with previous results from the

literature.

. Introduction

Bubble column reactors (BCR’s) are widely used in the chemi-
al and biochemical industries because of the advantages they offer
uch as the lack in moving parts, high-gas–liquid contact area, good
ass/heat transfer rates, and large liquid hold-up [1–3]. For pro-

esses sensible to shear stress, like those involving cell cultures,
CR’s are the most suitable solutions [4,5].

The function of the BCR’s may be simply to mix the liquid
hase while the gas phase provides agitation, or for mass transfer
urposes between phases which is, normally, the most important
im, even though both processes take place simultaneously. The
ain parameters determining the performance of BCR’s are the

uperficial gas velocity, uG, the operating pressure and tempera-
ure. Besides, there are many variables that also influence bubble
olumn performance such as sparger design (specially in the homo-
eneous regime) [1], gas hold-up distribution, bubble break-up,
oalescence and dispersion rates, bubble rise velocity, bubble size
istribution, gas–liquid interfacial area concentration distribution,
as–liquid mass/heat transfer coefficients and the extent of liquid
hase backmixing [6,7]. Therefore, in design, scale-up and scale-

own, the understanding of the fluid dynamics is a critical issue
8–14]. However, the link between hydrodynamics and mass trans-
er rates is strong and many times the limiting stage of the processes
aking place inside BCR’s is mass transfer [15,16]. Thus, the typical
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design parameter for gas-liquid contact equipment has been the
volumetric mass transfer coefficient, kLa [1].

Over the years, apart from empirical correlations based on
dimensionless numbers [1,17] the prediction of kLa has been
addressed from different theoretical approaches [17]. Among them,
the most common nowadays are: (1) the basic model proposed by
Kawase et al. [18], combining Higbie’s theory [19] with an empiri-
cal equation for determining the contact area. (2) An evolution of
this method, implementing a population balance model together
with Higbie’s theory, Shimizu et al. [20] or even coupling them with
computational fluid dynamics (CFD) [21]. (3) Another approach is
performed by fitting the experimental dissolved oxygen concen-
trations to mass transfer models. Continuous stirred tank reactor
(CSTR) and axial dispersion models (ADM) or its derivatives, slug
and cell models, are the most widely used examples of this kind
[22–25]. (4) More recently, a model using a Back-Propagation Neu-
ral Network based on empirical correlations has been proposed by
Lemoine et al. [26] with reasonable results over a wide range of
experimental data. However, most of the models rely on adjustable
parameters regarding the mass transfer rates.

kLa is function of the contact area between the gas phase and
the liquid phase, “a”, and the resistance to mass transport in the
liquid side, kL. With reference to the specific contact area, in spite
of the fact that bubble shape defines its area, the big number of bub-

bles with different shapes inside BCR’s makes convenient obtaining
an average value for the contact area assuming spherical bubbles.
However, the effect of bubble shape and deformation on kL is more
critical. As early as 1961, Calderbank and Moo-Young [27] proposed
two equations for predicting the Sherwood number for either big

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:mariano.m3@usal.es
dx.doi.org/10.1016/j.cej.2009.01.046
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Nomenclature

a specific contact area (m−1)
A oscillation amplitude
Bi break-up frequency (m−3 s−1)
clearance distance between the perforated area and the col-

umn diameter (m)
Cij coalescence frequency for bubbles of class i, j

(m−3 s−1)
db bubble diameter (m)
de diameter of the eddies (m)
deq equivalent diameter of the bubbles (m)
dij diameter of the bubble resulting from coalescence

of two (m) defined by Eq. (16)
dbini bubble diameter at the orifice (m)
DC column diameter (m)
DL = Dair–water air diffusivity in water (m2 s−1)
Do orifice diameter (m)
Eo Eötvös number (Eo = ((�L − �G) · g · d2

eq)/�)
Ex eccentricity; defined by Eq. (52)
fv (db,daughter/db,mother)3

Fn shape function
g acceleration due to gravity (m s−2)
G generation function defined by Eq. (38)
hf final thickness of the drainage film (m)
ho initial thickness of the drainage film (m)
In integrals of shape defined by Eqs. (45) and (46)
k wave number (m−1)
kL liquid-film resistance (m s−1)
kLa volumetric mass transfer coefficient (s−1)
nb,i number of bubbles of class i (no. bubbles)
ne concentration of eddies per unit volume (no. bub-

bles m−3)
ni concentration of class i elements per unit volume

(no. bubbles m−3)
norifices actual number of orifices
n2Gen bubbles of class 2 generated at the sparger (no. bub-

bles m−3 s−1)
Ne eddies concentration (eddies kg−1

liquid)
No number of orifices
Noa number of orifices per area (m−2)
P hole pitch (m)
Pd formation period of bubbles (s)
Pn(x) the n degree Legendre polynomial
Pe Peclet number (Pe = (ur · db)/DL)
Qc gas flow rate (m3 s−1)
r bubble radius (m)
rC column radius (m)
Sij surface contact area (m2)
Sh Sherwood number (Sh = (kLdb)/DL)
t time (s)
tij film drainage time (s)
u generic length units
uc critic velocity of a bubble (m s−1)
uG superficial gas velocity (m s−1)
ur rising velocity of a bubble (m s−1)
ut turbulent velocity (m s−1)
Ul liquid velocity (m s−1)
Vb bubble volume (m3)
Vs liquid volume in the column (m3)
We Weber number (We = (deq · ur

2 · �L)/�)

Greek symbols
ˇ parameter for the model by Luo and Svendsen [38]

ε dissipated turbulent energy (W kg−1)
εg gas hold-up
�ij collision frequency (m−3 s−1)
� break-up efficiency
�ij coalescence efficiency
�n the tangent to the interphase
�G gas viscosity (Pa s)
�L liquid viscosity (Pa s)
	L kinematic viscosity of the liquid (m2 s−1)
�G gas density (kg m−3)
�L liquid density (kg m−3)
� surface tension (N m−1)


ij contact time between bubbles (s)
ωn oscillation frequency for the oscillation mode n (Hz)

or small bubbles due to their different behaviour with regard to
mass transfer. In spite of the early presentation of the problem,
the effect of bubble size and shape has been overlooked as a sim-
plification and few are the theoretical studies for the mass transfer
from non-spherical bubbles [28,29]. Thus, most of the equations for
implementing the effect of bubble shape and behaviour on kL rely
on adjustable parameters or correlations [18,21,30–35]. The con-
tribution and effect of bubble deformation and shape on the mass
transfer rates may be behind the variability of those parameters
because bubble oscillations enhance mass transfer rates by modi-
fying the concentration profile surrounding the bubbles [36]. From
unveiling that effect, it would be possible to optimise the design of
bubble columns.

Therefore, the aim of this paper is to explain the contribution of
bubble deformation on the mass transfer from a theoretical point
of view in inviscid fluids. The model for the effect of bubble oscil-
lations on the Sherwood number proposed by Montes et al. [36]
will be coupled with a population balance based on those used by
Pohorecki et al. [11] and Shimizu et al. [20] implementing a new
scheme of bubbles to account for the effect of bubble oscillations
in mass transfer due to coalescence and break-up processes and
to determine the mass transfer rates in bubble column reactors.
Experimental results for the volumetric mass transfer coefficient
[1,17] and the bubble mean size [17] in bubble columns will be used
to establish a comparison and discuss the effect of bubble oscil-
lations on the mass transfer rates. Once the theoretical basis for
the effect of bubble oscillations on the mass transfer rates is ana-
lyzed in inviscid systems like air–water, the model obtained in this
paper will serve as the starting point to understand the effect of the
physical properties of the gas–liquid system on the mass transfer
rates. Industrial gas–liquid reactors usually operate with complex
mixtures where, in many times, water is the solvent (wastewater
treatment, fermentations, . . .). Coalescence and break-up closures
as well as the oscillatory behaviour of the bubbles will be affected
by the presence of salts, surfactants or the higher viscosity of the
liquid. That will be the aim of further work within the group.

2. Theoretical model

The link between bubble deformation, hydrodynamics and
mass transfer is straightforward. On the one hand, inside a bub-
ble column, the fluid flow is responsible for all the processes
involving bubbles such as, bubble collisions, break-up, coales-

cence and detachment. The inertia of each one of these processes
induces an initial oscillation amplitude on the bubbles whose
characteristics (amplitude and frequency) depend on bubble size
and flow regime. On the other hand, the induced bubble defor-
mation modifies the velocity profiles surrounding the bubble
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Fig. 1. Scheme for t

, the concentration gradients and, thus kL [36]. Therefore, the loop
etween hydrodynamics and mass transfer is closed. Fig. 1 shows
scheme of these relationships involving momentum and mass

ransfer.
Thus, the model consists of two parts. The first is related to mod-

lling the dispersion of bubbles generated in the vessel based on the
odels proposed by Pohorecki et al. [11] and Shimizu et al. [20].

ubble formation at the dispersion device, coalescence and break-
p processes will be simulated using a population balance which
ill determine the specific area “a” of the dispersion of bubbles. A
ew scheme of bubbles is proposed to account simultaneously for
he effect of bubble break-up and coalescence on the area available
nd on the oscillation characteristics of the bubbles resulting from
hose processes. The second part is the determination of the liquid-
lm resistance, kL. The physical properties of the gas–liquid system
nd bubble size will allow determining their oscillation amplitude
hich defines the Sherwood number of each bubble size [36]. By

ombining kL and a, kLa is calculated.

.1. Hydrodynamics
Fluid hydrodynamics involves the processes related to bubble
ormation, rising, coalescence and break-up. Bubble formation at
he orifice will be the starting point to determine the dispersion
f bubbles. Different closures for bubble coalescence and break-up

(

Fig. 2. Scheme of normalized bubbles in the d
termination of kLa.

will be checked [13,37–40] to obtain a bubble size distribution that
matches the experimental one, verifying the bubble scheme.

2.1.1. Bubble scheme
In most of the studies on bubble dispersions, a number of bub-

ble classes/sizes is defined in advance. The bubbles resulting from
coalescence and break-up processes are reorganized to fit the pre-
defined classes. This fact not only leads to problems regarding the
total gas phase in the tank, but, above all, results in difficulties
when determining the effect of bubble coalescence and break-
up on the mass transfer. For instance, coalescence decreases the
gas–liquid contact area meanwhile the bubble resulting from coa-
lescence presents a bigger oscillation amplitude. From the balance
between these two hydrodynamic effects, the mass transfer rates
may be reduced depending on the size of the bubbles involved [41].
To account for this effect, we propose a scheme of bubbles, shown in
Fig. 2, so that the bubbles resulting from coalescence and break-up
processes exist.

For the sake of simplicity in plotting the scheme of the bubbles
present in the bubble column, Fig. 2, we consider that the initial

bubble size at the sparger, which actually depends on the orifice
size and the gas flow across, has a volume of 16 u3.

a) A range of orifices (do) from 0.001 to 0.01 m will be tested even
though 0.005 m orifices are preferred in industry [42]. Small

ispersion generated in a bubble column.
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orifices of 0.001 or 0.002 m, like the ones typically used in labo-
ratory scale columns, present corrosion problems. Meanwhile,
larger holes are occasionally used for fouling systems.

b) Bubble size at the orifice will be calculated using a correla-
tion developed from experimental results obtained in previous
papers by the authors, regarding the effect of orifice size in bub-
ble volume [43] as well as the effect of the gas flow rate [44].
With those results we can propose Eq. (1) for bubble size at the
orifice:

dbini = (138 · do) ·
(

Qc

No

)0.26

(1)

c) The number of orifices in the dispersion device, No, depends on
the configuration of the sieve plate. Holes are usually placed on
60◦ equilateral triangular pitch with the liquid flowing normally
[45]. Holes spaced closer than twice the hole diameter lead
to unstable operation. Therefore, the recommended spacing is
2.5do to 5do. In this paper 3.5do will be used [2,46]. According to
this typical configuration the number of orifices in a sieve plate
is given by Ludwig [45]:

Noa = 1.158 ·
(

P

0.0254

)−2
; (2)

No = Noa ·
(

� ·
(

Dc − clearance

2

)2
)

; (3)

Clearance will be 5% of Dc (Dc = 1 m).

Following these rules for designing sieve plates, it is important
o point out that the gas flow rate per orifice in a bubble column
perating in the homogeneous regime is within the range of gas
ow rates used in the experiments [43,44]. Therefore, Eq. (1) can
e used.

From the initial bubble size at the orifice (normalized volume of
6 u3), bubble coalescence and break-up processes are allowed sub-
ected to certain conditions to obtain different bubble classes/sizes.
he actual bubble sizes in the column are represented in Fig. 2. The
rocesses allowed (coalescence and break-up) are represented as
rrows linking the bubbles sizes, circles, under consideration for
ach single process, with the operators used attached to the tip of
he arrow defining the process ((2×) to identify that two bubbles
f the smaller bubble will give another of the bigger volume, (/2) to
alk about binary break-up of the bubbles into two equal ones or an
perator (+) is located to say that those two bubbles will coalesce).

In particular, regarding coalescence, two bubbles of the same
ize will be allowed to coalesce to obtain a bubble of twice its initial
ize. For example, a bubble of volume 8 u3 can merge with another
ne of the same size (2×) to obtain a bubble of volume 16 u3. The
rrow points from the circle with 8 to the circle with 16 with the
perator (2×) plotted on the tip to define this coalescence process.
or bubbles of different sizes, the coalescence processes are limited
o those in which the circles are linked and an operator (+) is added
o the arrows. For instance, a bubble of size 4 u3 can merge with
nother of size 16 u3 to obtain another of 20 u3.

In order to determine the probability of coalescence, different
echanisms are considered. For bubbles of the same size, only lam-

nar and turbulent collisions are used since they are supposed to
ave the same rising velocity. No wake effect is considered. For coa-

escence between bubbles of different sizes, buoyancy collision is
lso considered.

Only binary break-up into two daughter bubbles is considered

or all bubble sizes, since it is overwhelmingly the major break-up

anner supported by experimental observations [47–49] Further-
ore, it will be assumed that a bubble breaks into two equal size

aughter bubbles, which has proved to be successful in modelling
he hydrodynamics of bubble columns [11,20] and stirred tanks
Fig. 3. Collision process of bubbles.

[50]. Eq. (4) allows determining the volume of the bubbles gener-
ated in the break-up. For example, a bubble of normalized volume of
8 u3 can be broken into two equal ones of 4 u3. This process is repre-
sented in Fig. 2 by an arrow pointing from the circle with number 8
to the circle with number 4 and an operator (/2) indicating that the
bubble splits into two. Thus, the volume of the bubbles is calculated
as follows:

2 · 4
3

�

(
db,j+1

2

)3

= 2 · Vb,j+1 = Vb,j = 4
3

�

(
db,j

2

)3

(4)

These simplifications will allow handling the effect of bubble
break-up in generation of area and on the effect of bubble oscilla-
tions on the mass transfer, while maintaining the total gas phase
monitored.

In order to simulate bubble break-up and coalescence, we are
going to introduce the closures used in this model. Due to the par-
ticular scheme of bubbles proposed, different closures are going to
be tested to simulate the bubble size distribution.

2.1.2. Bubble coalescence
Inside a column, the flow field leads to bubble collision. After

the collision of two bubbles, a drainage channel is developed and
the liquid-film between the bubbles is partially or totally drained,
in which case bubbles coalesce. Fig. 3 shows both possibilities. For
mass transfer processes, it is important to highlight that in case of
bubble coalescence, there is a decrease in gas–liquid contact area. At
the same time, the inertia of the process makes the resulting new
bubble oscillate, looking for an equilibrium shape in accordance
with the new size, enhancing mass transfer rates [36]. From the bal-
ance between these two effects, the mass transfer rate may decrease
or not, depending on the size of the bubbles involved [41]. Thus, it is
important to implement both effects when modelling mass transfer
in bubble columns. Meanwhile, in absence of coalescence, bubble
collisions provide with initial oscillation amplitude.

The model for bubble coalescence is based on the study of the
collisions of the bubbles. Different mechanisms are responsible
for bubble collision. However, not every collision leads to coa-
lescence. Therefore, Prince and Blanch [37] proposed a model for
bubble coalescence in bubble columns where the coalescence rate,
Cij (m−3 s−1), for two bubbles i, j whether they are of the same
class (i = j) or not (i /= j), is given by the product between the colli-
sion frequency and the efficiency by which that collisions derive in
coalescence Eq. (5).

The total collision frequency is reported to be the sum of differ-
ent mechanisms, such as turbulent, buoyancy and laminar stress

collisions, see Eq. (5). Each mechanism is labelled with a superindex,
indicating the physical process from which it is derived [37]:

Cij = (�T
ij + �B

ij + �LS
ij ) · �ij (5)
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Among the collision mechanisms, �T
ij

corresponds to the colli-
ion frequency between two bubbles in turbulent regime due to
he relative motion of the bubbles. It is based on the collision the-
ry for ideal gases where concentration, bubble size and velocity
an be arranged as the expression given by Eq. (6) [37]:

T
ij = ni · nj · Sij · (u2

ti + u2
tj)

0.5
(6)

The collision cross sectional area, Sij, between bubbles is defined
s Eq. (7) [20]:

ij = �

16
(dbi + dbj)

2 (7)

The turbulent velocity, ut, for bubbles of diameter db in the iner-
ial subrange of isotropic turbulence is [51]

t = 1.4 · ε1/3 · d1/3
b

(8)

here ε is the dissipation energy. Meanwhile, ni represents the
umber of bubbles of class i per unit volume.

Another typical collision mechanism is that which occur when
bubble reaches another bubble [37]:

B
ij = ni · nj · Sij · (uri − urj) (9)

The rising velocity, uri, can be calculated following Eq. (10) [37]:

ri =
(

2.14 · �

�L · dbi
+ 0.505 · g · dbi

)0.5
(10)

Laminar stress collision rate, �LS
ij

, occurs when a bubble over-
akes another bubble. The collision rate due to laminar shear can
e expressed as Eq. (11) [52]:

LS
ij = ninj · 4

3
·
(

dbi

2
+ dbj

2

)3

·
(

dUl

drC

)
(11)

here the shear rate can be expressed as follows [37]:

dUl

drC

)
≈ Ul

DC/2
= 0.787(g · DCuG)1/3

DC/2
(12)

here DC is the diameter of the BCR. We are going to consider Dc to
e equal to 1 m.

However, not every collision results in coalescence. Coalescence
robability depends on the intrinsic contact between bubbles.
oulaloglou and Tavlarides [53] defined the collision efficiency
etween bubbles of classes i and j, �ij, as a probability function given
y Eq. (13) which depends on the relationship between the time
equired for film drainage, tij, and the contact time of the bubbles,
ij:

ij = exp

(
− tij


ij

)
(13)

Contact time can be calculated through Eq. (14) [37]:

ij = (0.5 · db)2/3

ε1/3
(14)

In our work, the drainage time can be calculated as Eq. (15) [37],
hich is a modification of that developed by Marrucci et al. [54]:

ij =
(

(0.5 · dij)
3 · �L

16 · �

)0,5

· ln

(
h0

hf

)
(15)
here

ij =
(

2
dbi

+ 2
dbj

)−1

(16)
Fig. 4. Bubble deformation and break-up in turbulent flow.

In accordance with the results gathered by Prince and Blanch
[37]:

h0 = 1 × 10−4 m
hf = 1 × 10−8 m

(17)

Due to the particular scheme of bubbles, different closures will
be used to model the bubble size distribution. Lou and Svendsen
[38] proposed an alternative model for the turbulent collision rate
that can be written as Eq. (18) for a discrete system of bubbles:

�T
i,j = �

4

√
2ε1/3(db,i+db,j)

2(d2/3
b,i

+d2/3
b,j

)
1/2

·e[(−We
1/2
i,j

(0.75·(1+(dbi/dbj)
2)·(1+(dbi/dbj)

3))
0.5

)/((1+(dbi/dbj)
3)(�G/�L+0.5))]

(18)

The Weber number of the bubbles can be calculated using Eq.
(19):

Wei,j =
�L · db,i · u2

t,(i,j)

�
(19)

Meanwhile, the turbulent velocity is calculated using the turbu-
lent velocity of each colliding bubble

ut,(i,j) = (u2
t,i + u2

t,j)
0.5 (20)

2.1.3. Bubble break-up
The energy dissipated in the flow deforms and eventually breaks

the bubbles, see Fig. 4. The bubbles resulting from that breakage
oscillate as a result of the inertia of the process. Therefore, break-up
not only generates contact area but also enhances the mass transfer
rates by deforming the bubbles.

Different bubble breakage rates from the literature are used to
obtain a modelled bubble size distribution that matches the exper-
imental one following the scheme of bubbles presented in Fig. 2.

a) Prince and Blanch [37] modelled bubble breakage due to bub-
bles colliding with turbulent eddies. Therefore, the break-up
rate is written as the product between the collision rate of bub-
bles and turbulent eddies and the efficiency of those collisions.
Thus, the break-up frequency is

Bi = �ie · �i (21)

The collision velocity of turbulent eddies and bubbles is based
on the same mechanism explained for bubble collision assum-
ing that the eddies behave as entities [37]:

�ie = ni · ne · Sie · (u2
ti + u2

te)
0.5

(22)

The turbulent velocity of the eddies can be written as Eq. (24)
[37]:
ute = 1.4 · ε1/3 · d1/3
e (23)

Using Kolmogorov’s theory of isotropic turbulence, the size
of the eddies, de, generated in the tank can be calculated by Eq.
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(24) [11]:

de =
(

	3
L

ε

)0.25

(24)

and the cross-sectional area [11]:

Sie = �

16
(dbi + de)2 (25)

An expression for the number of eddies as function of the
wave number is given by Eq. (26) [11]:

dNe(k)
dk

= 0.1 · k2

�L
(26)

where the wave number is [11]

k = 2
de

(27)

The differential equation has to be solved using as lower
and upper limits those given by Pohorecki et al. [11]. Only the
eddies from 0.2db to db can actually break the bubbles. Smaller
eddies do not have enough energy; meanwhile bigger ones drag
the bubbles across the vessel [37]. Therefore, as a mean value,
de = 0.6db as has been proved valid for modelling bubble break-
up [50]:

Ne = 0, k = 2
0.2 · db

(28)

Ne = Ne, k = 2
db

(29)

Vortex concentration per unit volume of liquid is

ne = Ne · �L (30)

Bubble break-up in bubble columns occurs when the liquid
turbulence is high enough to deform the bubbles heavily above
their stable point, which depends on the physical properties
of the liquid and on the fluid flow. Therefore, it is necessary
to determine which eddies have enough energy to break the
bubbles. Bubble break-up efficiency can be written as Eq. (31)
[11]:

�i = exp

(
− u2

ci

u2
te

)
(31)

where the critical vortex velocity capable of breaking a bubble
of diameter dbi [11,37] is given as follows:

uci =
(

Wec · �

dbi · �L

)0.5
(32)

The Weber critical number (Wec) can be found to be from 0.5
to 7.8 according to different authors [55,56]. The value originally
used by Prince and Blanch [37] was 2.3. However, Shimizu et
al. [20] used Wec = 1 in his model. Therefore, Wec will be the
parameter of the model to account for bubble stability under
the experimental conditions.

Due to the particular scheme of bubbles, different closures
from the literature will also be checked to simulate bubble
size distribution verifying the scheme of bubbles proposed to
account for the effect of bubble break-up and coalescence on
bubbles oscillation and mass transfer rates shown in Fig. 2.

b) Luo and Svendsen [38] proposed another model for the break-
up frequency which accounts for the total gas phase in the BCR.

It depends on a parameter ˇ = 2.045. In order to implement the
model of Luo and Svendsen [38], the authors also solve the dis-
tribution of bubbles obtained after bubble break-up. However,
as it was explained in Section 2.1(a), we are going to assume the
scheme of bubbles show in Fig. 2 where bubbles break in two
ing Journal 151 (2009) 79–88

equal bubbles. Besides de = 0.6db. With these assumptions, the
original break-up frequency becomes

Bi = 0.923(1 − εg)
(

ε

db

)1/3 (1 + (de/db))2

d2
b
(de/db)11/3

·e[(−��d2
b

(j)(fv
2/3+(1−fv)2/3−1))/(��Lˇ/12(de/db)11/3(dbε)2/3)] (33)

(c) Martínez-Bazán et al. [57,58] developed another model for bub-
ble break-up efficiency based on the stability of a jet. The forces
under consideration are those which maintain bubble size, sur-
face tension, and those which attempt to deform it, the turbulent
energy. The model proposed considers that the bubbles have the
bigger probability of break into two equal daughter bubbles. The
constant 8.2 was determined by Batchelor [59] meanwhile 0.25
a characteristic value for the air–water system experimentally
obtained by the authors [57,58]:

Bi = ni · 0.25

√
8.2(ε · db,i)

2/3 − 12�/(�Ldb,i)

db,i
(34)

2.1.4. Energy dissipation
Energy in the tank is responsible for bubble collisions and

deformation as well as for maintaining bubble oscillation. It is tra-
ditionally considered that the dissipated energy can be defined by
Eq. (35) used by Shimizu et al. [20] and Pohorecki et al. [11]:

ε = uG · g (35)

2.1.5. Dispersion generated
A population balance based on that proposed by Fleischer et al.

[60] will determine the fraction of bubbles of each size:

∂

∂t
n(z, db, t) + ∂

∂z
[n(z, db, t)ur(z, db)] + ∂

∂db

[
n(z, db, t)

∂

∂t
db(z, db)

]
= G(z, db, t) (36)

In a stationary regime Eq. (36) becomes [11]

0 = G(z, db, t) (37)

G represents a balance between the coalescence and break-up
processes [11]. In our case the function G is as follows:

Gi = 1
2

2∑
k=1

2∑
l=1

Ci,kl −
2∑

j=1

Cij + 2 · Bi−1 − Bi (38)

Bubbles are periodically generated at the dispersion device (pri-
mary bubbles or bubbles of class 1), so that Eq. (38) must be
completed by Eq. (41) when applied for this bubble class, to account
for their presence in the tank due to the bubbling process:

n2Gen = norifices

Vs · Pd
(39)

where Vs corresponds to the liquid volume of study and Pd is the
formation period of the bubbles in each experimental condition.

Eq. (37) will be applied for 30 real bubble classes. So, the model
consists of 30 equations like that given by Eq. (37) where the
break-up and coalescence rates have been defined by the equations
presented along the paper.

In order to solve the hydrodynamic model, the total number

of bubbles in the column will be determined by the gas hold-up.
According to the theoretical model proposed so far, a theoretical
expression for the gas hold-up is required. The model proposed by
Kawase and Moo-Young [61], based on the concept of a characteris-
tic turbulent kinematic viscosity, can be used. However, in order to
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educe the error when comparing experimental and calculated kLa,
t is interesting to use a correlation for εg determined for the same
xperimental device and conditions as those used when determin-
ng kLa. Therefore, the correlation proposed by Akita and Yoshida
62] has been used. Akita and Yoshida [62] also provide values for
he specific contact area “a”, bubble mean diameter, and kLa, which
re necessary for the validation of the model. In this way, no error
elated to the bubble dispersion generated can be considered since
he model will simulate the hydrodynamics for which the kLa had
een measured. Eq. (40) has been used for εg:

εg

(1 − εg)4
= 0.2 ·

(
9.8 · Dc · �L

�

)1/8
·
(

g · D2
c · �2

L

�2
L

)1/12
(

uG√
Dc · g

)

(40)

The number of bubbles of each class is calculated as a fraction
f the total gas phase:

b,j = 3 · εg · D2
c · (4 · Dc + Volgas/(�(Dc/2)2))

2 · d3
b,j

· xj (41)

The bubble fraction of class i, xj, must be calculated. In order to
o so, only the homogeneous regime is going to be considered. It
as been proved that the experimental monomodal distributions
f bubbles in stirred tanks and bubble columns can be adjusted
o a log-normal distribution [11,37,50]. Therefore, a log-normal
istribution for the bubbles in the column is considered whose
arameters �dist and �dist will be found from minimizing Eq. (47):

Gi = 0 (42)

It should be highlighted that the purpose of this work is not to
tudy the effect of the different closures when modelling the hydro-
ynamics since better works have been developed for such purpose,

.e. [13], but to determine the mass transfer once the experimen-
al bubble size distribution is simulated. However, the proposed
cheme of bubbles suggests that different closures are checked to
odel the bubble size distribution.

.1.6. Experimental results
The mean diameter of a dispersion calculated using the model

ill be compared with the experimental correlation given by Eq.
43) [62]:

32 = 26 · Dc · �L ·
(

g · D2
c · �L

�

)−0.5

·
(

g · D3
c

(�L/�)2

)−0.12

·
(

u2
G

g · Dc

)−0.06

(43)

.2. Mass transfer

.2.1. Sherwood number of oscillating bubbles
Bubble behaviour in process vessels depends on its size [27]. Big

ubbles are deformable and can oscillate in the flow so that, apart
rom providing contact area, they have another contribution to the
ass transfer rate, the modification of the concentration profiles
urrounding the bubbles as a result of bubble oscillations. Bubble
scillations depend on the physical properties of the gas–liquid sys-
em, bubble size and the energy available in the system. To account
or this contribution, Montes et al. [36] developed a model for the
ing Journal 151 (2009) 79–88 85

Sherwood number as function of bubble oscillations:

Sh = 2√
�

Pe1/2

[
In1 + In2

A

ω2
n

We1/2

]
(44)

where In1 and In2 are constants that depend on the geometry of the
bubble:

In1 = 3

4�
√

2

∫ �

0

∫ �

0

N(�)
∂r

∂	

[
F2

n +
(

∂Fn

∂�

)2
]1/2

sin � d� dt (45)

In2 = 3
8�

∫ �

0

∫ �

0

N(�)
∂r

∂	

[
F2

n +
(

∂Fn

∂�

)2
]1/2

sin � d� dt (46)

These equations are valid for every oscillation mode, where the
radial derivative in the normal direction to the bubble surface is
given by

∂r

∂	
(�, t) = 1

||cos[� + tan−1(�n)]|| (47)

which is the derivative in the radial direction with respect to the
normal surface of the bubble for each bubble point. And �n is the
tangent to the interphase at each point of the bubble surface:

�n = Fn + cos �(dFn/dcos �)
sin �(dFn/dcos �) − (Fn/ tan �)

(48)

with:

Fn(�, t) = 1 + AF1
n (�, t) + · · ·, (49)

F1
n = cos(t) · Pn(cos �) (50)

Pn(cos �) is the n degree Legendre polynomial. The amplitude of
the oscillation, A, is defined by Eq. (51) [63]:

A = dmax − dmin

2deq
(51)

To determine bubble oscillation amplitude of each bubble size in
the dispersion, the maximum and minimum diameters of a bubble
are needed. Both are related to bubble deformation. Considering
that a bubble during an oscillation is an ellipsoid, both diameters
can be related to the eccentricity defined by means of Eötvös num-
ber [34]:

Ex = 1
1 + 0.163 · Eo0.707

(52)

Therefore, the oscillation amplitude can be written as

A = 1 − Ex

2 · Ex1/3
(53)

According to Eq. (53) bubble oscillation amplitude increases
with bubble diameter, in accordance with the experimental results
from Montes et al. [36].

N(�) is a dimensionless geometrical function depending on the
angular coordinate, �, of each point in the bubble surface, defined
by Eq. (54) [36]:

N(�) = sin2 �

(1 − (3/2) cos � + (1/2) cos3 �)1/2
(54)

Koynov et al. [64] found that in bubble swarms, bubbles no
longer traveled by themselves, but rather in liquid perturbed by
the wakes of neighboring bubbles. In addition, the concentration of
gas dissolved in the liquid around the bubble in a swarm no longer

depended only on the mass transfer from the bubble itself, but also
on the mass transfer from the other bubbles in the swarm. These
two factors resulted in a decrease in the mass transfer coefficient
of the bubble swarm compared with a single bubble. Therefore, it
is considered that kL theoretically obtained for one single bubble
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other authors have pointed out [13,40]. In general, one of the rea-
sons behind that disagreement is the scheme of bubbles proposed
to account for the effect of bubble deformation on the mass transfer
rates.
6 M. Martín et al. / Chemical En

annot be used in a dispersion of bubbles because the presence
f other bubbles does not allow the complete development of the
elocity and concentration gradients surrounding a bubble. A cor-
ection factor is applied. The theoretical one reported by Lamont
nd Scott [30], 0.4 has been used.

.2.2. Volumetric mass transfer coefficient
The volumetric mass transfer coefficient, kLa, is calculated as

he product between the liquid-film resistance obtained from the
herwood number of each bubble class and the contact area pro-
ided by the number of bubbles of that class extended to all bubble
lass in the dispersion generated in the column. Eq. (55) shows this
alculus:

La =
30∑
i=1

Sh · Dairwater

db,i
·
∑

ni · 4� ·
(

db,i

2

)2

(55)

.2.3. Experimental data for kLa
Experimental results from the literature have been used to val-

date the model. The first correlation was obtained for sieve plates
s [1]

La = 0.467 · u0.82
G (56)

The equation obtained by Akita and Yoshida [17] has also been
sed.

La = 0.6 · DL

Dc
·
(

�L

DL · �L

)0.5(g · �L

�

)0.62
(

g

(�L/�L)2

)0.31

ε1.1
g (57)

here εg is given by Eq. (40).

. Comparison between experimental and simulated results

The model simulates, first, the dispersion of bubbles generated
n the column and second, kLa, by combining the contact area given
y the dispersion of bubbles and the liquid-film resistance of each
ubble size in the vessel.

Before attempting to simulate the experimental results, the
eported effect of the orifice size of the sparger on kLa [1] has been
nalyzed. Orifices ranging from 0.001 to 0.01 m are considered for
ifferent superficial gas velocities in the homogeneous regime.

It is reported that the dispersion device also determines kLa [1].
herefore, the effect of different orifice sizes is going to be simulated
o study its effect on the mean size of the bubbles in the dispersion.

Fig. 5 shows the sauter mean diameter, d32, calculated using
ifferent break-up and coalescence closures, versus the orifice
iameter for a small gas flow rate, uG = 0.001 m s−1. It can be seen
hat for small initial bubble diameter, like the ones generate from
rifices smaller than 0.003 m, the resulting mean bubble size in the
ispersion depends on the sparger. Bubbles are stable in the flow
ue to their size and the low energy available. However, for a cer-
ain orifice size, the initial bubble size is unstable and the energy
issipated in the tank will determine bubble mean size of the dis-
ersion. Even though, a value of uG as low as 0.001 m s−1 is too small
o be used in a column, and the results are shown only to highlight
hat the contribution of the dispersion device is only important if
t generates small stable bubbles.

For a common superficial gas velocity in the homogeneous
egime, uG = 0.01 m s−1, Fig. 6 plots d32 versus the initial orifice
iameter for different break-up and coalescence closures. In Fig. 6

t can be seen that bubble mean size is mainly determined by the

nergy dissipated in the flow for the typical bubble sizes at the ori-
ce. The variability with respect to a constant value can be related
ore to the numerical solution than to physical meaning.
The dependence of the bubble mean size on either the disper-

ion device or on the energy dissipated in the tank, explains the
Fig. 5. Effect of the dispersion device in bubble mean size of a dispersion.

differences in the correlations for kLa found for different dispersion
devices, porous plates and sieve plates [1]. In summary, if the gener-
ated bubbles at the sparger are really small, it is the sparger which
defines bubble dispersion in the tank. Otherwise, the dissipated
energy is responsible for the bubble mean size. This fact trans-
lates into an effect on kLa. That is the theoretical explanation for
the results of previous experimental studies [1,41] where smaller
bubble mean diameter resulted in bigger proportional constants in
equations like Eq. (56).

Thus, assuming that the only important contribution to the
mean diameter of the dispersion is the energy dissipated in the
column, under the experimental conditions investigated, a mean
d32 value is obtained for do = 0.005 m, the preferred hole size in
industry. Fig. 7 plots the mean diameter obtained using different
break-up and coalescence closures versus uG. Experimental results
from the literature have also been used. In general, the different
closures show an important disagreement among each other, as
Fig. 6. Effect of break-up and coalescence closures on bubble mean diameter of the
dispersion uG = 0.01 m s−1.
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Fig. 7. Optimization of the Wec .

In particular, it is worth mentioning that the bubble size dis-
ributions predicted by the model of Prince and Blanch [37] have
mean value smaller than the experimental results and approach

he equilibrium distribution fast. This is caused by the high-bubble
reak-up rate. On the contrary, the break-up rate predicted by
asheras et al.’s [39] model reveals low-bubble break-up rates lead-
ng to bigger mean size bubbles. When using the coalescence and
reak-up rates proposed by Luo and Svendsen [38], the model
esults in values closer to the experimental ones but smaller too.
he lack of agreement when using the model by Luo and Svendsen
38] was to be expected because they consider that a bubble is more
ikely to break in a big and a small daughter bubbles rather than two
qual ones as has been assumed in this work.

According to Hinze’s work [55], the Weber critical number is a
easure of the stability of the particles, either drops or bubbles,

nd depends on the physical system and the break-up mechanisms
50,55]. Therefore, based on Prince’s model for the break-up rate,

ec has been used as a parameter which will help understand bub-
le dispersions. Wec = 5 turn out to be the best result to simulate the
ubble mean diameter using the bubble scheme proposed, com-
ared to the experimental results provided by Eq. (43). Fig. 7 shows
he results.

In order to explain and predict mass transfer rates, it is only
easonable to use the hydrodynamics that matches the experimen-
al results considering the bubble scheme proposed in this paper.
rom now on, only the model using Prince and Blanch’s [37] equa-
ions and Wec = 5, will be further used to study the mass transfer
ates form oscillating bubbles.

kLa depends on bubble size in order to define the contact area
a” and “kL”. According to Fig. 6, we can consider that the bubble
ize does not depend on the dispersion device as long as the ini-
ial bubble size is big enough to be broken in the flow. Therefore,
or each uG, the bubble dispersion is simulated solving Eq. (41). kL

s calculated using the model proposed by Montes et al. [36] for
ach bubble size where the characteristic amplitude is determined
sing Eqs. (52) and (53). Fig. 8 shows the comparison between the
xperimental results using Eqs. (56) and (57) and the theoretically
redicted by the model.

The different values for correcting kL [18,21,30–35] can be
xplained based on the effect of bubble deformation on the mass

ransfer rates due to the oscillation of the bubbles. It is important to
oint out that the better the fitting between the experimental and
he modelled mean diameter, the better the fitting between the cal-
ulated and experimental kLa (values for uG = 0.015–0.025 m s−1).
Fig. 8. Comparison between the experimental and the modelled values for kLa.

4. Conclusions

Bubble column design is a key issue for the chemical and bio-
chemical industries due to the wide range of application. So far,
different adjustable parameters have been used to fit the experi-
mental values of bubble diameters and kLa and the theoretical ones.
The physical meaning of the theoretical parameters of the model
allows a better understanding of the operation of bubble columns.

The effect of the dispersion device is only of importance either
in case of low-dissipated energies or when really small bubbles are
generated at the dispersion device. In both cases the bubbles are
stable in the flow.

Predicting bubble mean size in a vessel is sensitive to the break-
up and coalescence closures and has an important impact on the
volumetric mass transfer coefficient due to the fact that bubble
size determines not only the contact area between the phases
but also the liquid-film resistance. The hydrodynamics in the col-
umn was modelled based on the fact that bubble stability in the
flow is what determines bubble break-up. Wec has been used as a
parameter together with the model of Prince and Blanch to sim-
ulate bubble dispersion in homogeneous regime. Wec turned out
to be equal to 5. The model relies on experimental values of gas
hold-up. However, a theoretical model by Kawase and Moo-Young
[61] can be used for a complete theoretical formulation of the
model.

Once the hydrodynamics is simulated, the paper focused on
studying the effect of bubble oscillations on mass transfer looking
for a theoretical explanation of the different correlations and fitting
equations which try to add the effect of bubble shape on kL.

It was found that the concentration profiles surrounding the
bubbles are defined by the presence of more bubbles in the swarm,
as different authors have reported. Using the theoretical value
obtained by Lamont and Scott [30] for correcting kL, the experi-
mental values of Akita and Yoshida [17], as well as those reported by
Shah et al. [1], are well predicted for sieve plates for uG < 0.025 m s−1.
Bigger values of uG are close to or in the transition regime where
the bubble size distribution considered in this paper does not apply.
Therefore, bubble oscillation can be considered the reason for the
different correlations or adjustable parameters used so far to mod-
ify the theoretically predicted kL.
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58] C. Martínez-Bazán, J.L. Montañés, J.C. Lasheras, On the breakup of an air bubble
injected into a fully developed turbulent flow. Part 2. Size PDF of the resulting
daughter bubbles, J. Fluid Mech. 401 (1999) 183–207.

59] G.K. Batchelor, An Introduction to Fluid Dynamics, 1a Ed 5a Reimp., Cambridge
University press, Cambridge, 1979.

60] C. Fleischer, S. Becker, G. Eigenberger, Detailed modeling of the chemisorption
of CO2 into NAOH in a bubble column, Chem. Eng. Sci. 51 (10) (1996) 1715–1724.

[61] Y. Kawase, M. Moo-Young, Theoretical prediction of gas hold-up in bubble
columns with Newtonian and non-Newtonian fluids, Ind. Eng. Chem. Res. 26
(1987) 933–937.
62] K. Akita, F. Yoshida, Gas hold-up and volumetric mass transfer coefficient in
bubble columns, Ind. Eng. Chem. Process Des. Dev. 12 (1973) 76–80.

63] R.R. Schroeder, R.C. Kintner, Oscillations of drops falling in a liquid field, AIChE
J. (January) (1965) 5–8.

64] A. Koynov, J.G. Khinast, G. Tryggvason, Mass transfer and chemical reactions in
bubble swarms with dynamic interfaces, AIChE J. 51 (2005) 2786–2800.


	Mass transfer from oscillating bubbles in bubble column reactors
	Introduction
	Theoretical model
	Hydrodynamics
	Bubble scheme
	Bubble coalescence
	Bubble break-up
	Energy dissipation
	Dispersion generated
	Experimental results

	Mass transfer
	Sherwood number of oscillating bubbles
	Volumetric mass transfer coefficient
	Experimental data for kLa


	Comparison between experimental and simulated results
	Conclusions
	References


